ABSTRACT: Hydroelastic analysis, with contemporary and well developed methodology, is capable of adequately capturing complex fluid-structure interaction related to ultra large container ships. A physical phenomenon of springing and whipping of modern container ships are commonly analyzed within hydroelastic methodology composed of three main parts, i.e. structural, hydrodynamic and hydrostatic mathematical model. In order to ensure valuable and reliable results, their proper definition is inevitable. This paper deals with three current restoring stiffness formulations, consistent one with distributed ship mass, consistent one with lumped masses and complete one. Consistent formulation is based on ship hydrostatics, while complete is structurally oriented with geometric stiffness included. Formulation of the restoring stiffness via the finite element method is developed as very useful approach for practical utilization of the hydroelasticity methodology. The validity of new developed approach is checked in a case of regular barge one real life container ship.
response of real container ship structure in order to establish the required level of restoring stiffness complexity and to give recommendations for further practical usage. Three current formulations that are considered here are consistent formulation with distributed mass, ), consistent formulation with lumped mass and complete restoring stiffness formulation, (Huang & Riggs 2000) .
Recent advances in ship hydroelastic analysis cover a wide range of linear, nonlinear and impulsive quasi-static and dynamic response of both ship (Malenica & Derbanne 2012 , Kim et al. 2012 , Senjanović et al. 2012b ) and floating structures (Meylan 2012) .
INTEGRATION OF STIFFNESS COEFFICIENTS
Development of the current restoring stiffness formulations and their relationship are shown in Figure 1 . Consistent restoring stiffness, Eq. (1) in Table 1 , derived for ship structures, is based on variational principle and the method of virtual displacements ). Formulation (Huang & Riggs 2000) , Eq. (2) in Table 1 , called complete restoring stiffness, takes pressure change into account due to variation of depth and direction caused by structure deformation as well as the geometric stiffness based on still water stress distribution. The gravity term is
INTRODUCTION
The continuous growth of international maritime transport resulted in designing and building larger and faster container ships. As a result the first natural frequencies of such ships are quite low, especially in the case of large container ships due to open cross section and consequently reduced torsional stiffness (Bishop & Price 1979) , and can easily fall into resonance with the encounter frequency in an ordinary sea spectrum (Pedersen 1985) . Due to that fact traditional ship strength analysis, based on the assumption of ships as a rigid body, is not reliable enough (SNAME 1988) . Therefore, it is necessary to perform the ship hydroelastic analysis, which can be defined as fluid-structure interaction type analysis relating external hydrodynamic and internal elastic forces.
Methodology of ship hydroelastic analysis, (Senjanović et al. 2007) , includes definition of structural model with conventional stiffness, mass distribution, restoring stiffness, added mass, damping and wave excitation, and is based on the modal superposition method offering in such way a reduction of the number of equations and computing time (Malenica 2007) .
The definition of restoring stiffness, as a part of the methodology of hydroelastic analysis, was found to be quite complex, (Senjanović et al. 2012a , Senjanović et al. 2013 . The objective of this article is to investigate the impact of different restoring stiffness formulations on a hydroelastic indirectly included as a rigid body part of geometric stiffness.
This formulation is suitable for general off-shore structures where geometric stiffness plays a dominant role and it results with symmetric restoring stiffness matrix. The Huang and Riggs formula can be transformed and reduced to the form of Eq. (1) in Table 1 , (Riggs 2009 ).
The third formulation of restoring stiffness, Eq. (3) in Table 1 , is obtained by unifying the consistent restoring stiffness, Eq. (1), and geometric stiffness, Eq. (2e), since they have some common terms, (Senjanović et al. 2011 H H are not completely available in that case, Figure 2 .
Integration of stiffness coefficients over the panels of the wetted surface can be performed either using the structural or the coarse hydrodynamic mesh, normally applied in the hydrodynamic analysis procedure. The latter is preferred due to computing time reduction but some difficulties arise since it is necessary to interpolate modal displacements from structural nodes to the new panel nodes and to approximately determine the corresponding modal derivatives, (Malenica et al. 2008) . This is especially pronounced in the case of geometric stiffness, where the stress ten- nate system and can be integrated analytically for simple panels or numerically by Gauss points (Zienkiewicz 1971) . All the other quantities in (5) are related to the global coordinate system.
Normal vector and mode coefficient
This coefficient can be presented in matrix notation as follows
By taking into account basic finite element relations, the shape functions can be grouped in the integrand
Boundary stress coefficient
This coefficient written in matrix notation reads
By taking into account finite element relations, and after some rearrangement one finds sor kl in global coordinate system is not known explicitly.
In order to perform a more reliable and accurate numerical integration of the surface and volumetric stiffness coefficients it is necessary to transform all involved quantities from the global to local coordinate system, and use shape functions for their distribution within the structural finite elements mesh, (Zienkiewicz 1971) .
Pressure coefficient
The pressure coefficient expressed in index notation can be presented in matrix notation as
By applying the well known finite element relations using transformation matrix, (A2), and shape functions, (Zienkiewicz 1971) , after some rearrangement the pressure coefficient can be expressed as
where k and l are nodal indices. The shape functions, k and l , are defined in the local coordi-
Coefficient of gravity load-distributed mass
The ship structure is modeled with shell finite elements of thickness h, so the volume integral in Eq. (1c) is reduced to the surface one, which can be written in matrix notation
If the mode displacements are expressed by nodal displacements and shape functions, (Zienkiewicz 1971 ), one obtains
Coefficient of gravity load-lumped mass
Concentrated mass elements are commonly used for modeling of ship cargo and equipment and they have to be taken into account within the volumetric integral of gravity load coefficient. Eq. (1c) expressed in expanded form, (Bigot 2010) ,
takes into account modal displacements, rotations and strain. By neglecting strain deformation terms and taking into account only the rotation component coefficient of gravity load for lumped mass can be expressed as
, (10) where x , y , x and y are angles of rotation about x and y axis respectively, Figure 3.
Geometric stiffness
Geometric stiffness, as well as the other restoring stiffness coefficients, represents energy which does not depend on the chosen coordinate system. Hence, the local coordinate system is used in this case due to easier derivation of geometric stiffness of finite element. The corresponding equation (2e) for an element written in matrix notation in the local coordinate system notation takes the form
where kl are elements of stress matrix due to preloading in calm sea and m indicates mode components in x, y and z direction. After some rearrangement by applying finite element and well known mathematical relations, (Senjanović et al 2013 , Zienkiewic 1971 , Senjanović et al 2010 , geometric stiffness coefficient takes the final form where
If the local coordinate system coincides with the global one directional coefficients, expression (12), is reduced to the simpler form 
Three terms exist in the first bracket and if one considers a finite element in xy plane, then the first two terms include membrane (in plane) displacements in x and y direction, while the third term is related to the element deflection in z direction. Hence, the third term is related to the ordinary geometric stiffness used in stability analysis, and therefore alone is not sufficient for hydroelastic analysis, (Senjanović et al 2013 , Bigot 2010 . The formulation of all derived coefficients for the case of three node triangular, four node rectangular and two node beam elements is given in (Senjanović et al 2013) , respectively.
COMPUTER PROGRAM
The program is worked out for the ship hydroelastic analysis which is based on the modal superposition method, in order to reduce the number of differential equations of motion of the discretized structure and wetted surface. The dry natural modes of ship structure are used and they are determined by solving the eigenvalue problem formulated by the finite element method
where [K] is the stiffness matrix, [M] is the mass matrix, {H} is a mode vector and is a dry natural frequency. The time domain differential equation of motion is derived in e.g. (Bishop & Price 1979 ) and due to consistency we only bring the modal differential equation of ship hydroelastic analysis in frequency domain which reads Program RESTAN (REstoring STiffness ANalysis) is used for calculating the restoring stiffness coefficients according to the formulae worked out in the previous Section. Hence, there are two types of formulae; one set obtained by volume integration over the ship structure, and another over the wetted surface. For integration needs the necessary data generated by NASTRAN is used: node ordinary number and coordinates, ordinary number and nodes of the finite elements, material characteristics, components of modal displacements, stress components for ship in calm sea, etc. The wetted surface panels are taken from the 3D FEM model. Only wetted part of the panels intersected by the waterline is included in the wetted surface model. A logical scheme used for the generation of restoring stiffness matrix and performing the hydroelastic analysis is given in Figure 4 . The free vibration calculation is also performed by NASTRAN for the same mass distribution as specified above. The natural frequencies of the first four vertical, horizontal and torsional modes are listed in Table 2 .
The first one of each vibration types are shown in Figures 8, 9 As shown in Figure 5 , the inner barge structure consists of three longitudinal and 24 transverse bulkheads, and four decks. Thickness of all structural elements is 10 mm. The barge mass distribution is determined by specifying the density of the structural elements. In order to impose some vertical bending of the barge in calm sea, the density for elements in the aft and fore region of 36 m length is set to 1 . The mass per unit length along the barge is shown in Figure 6 .
The finite element mesh coincides with the topology of the barge structure in order to minimize local C which is equal to zero. Discrepancy of the total coefficient, 0. % 007 , is very small. Pitch restoring is not as sensitive as that of roll, so discrepancies in all three cases are considerably smaller.
Hydroelastic response of the considered barge was determined for the case of heading angle 150 (following waves 0 ). A large number of wave frequencies in the range from 0.1 to 1.5 rad/s, with step 0 02 . rad/s is taken into account.
In the following figures transfer functions of sectional forces are shown. Moments are related to the midship section, while shear forces are determined at the aft section 0.25L, where it is expected to have maximum values. The RAO of the vertical bending moment, Figure 11 , achieves peak value at 0 605 . rad/s. The response curves for all three restoring stiffness formulations are the same. RAO of vertical shear force, Figure 12 , manifests peak at 0 63 . rad/s. The response curves are very close to each other.
The RAO of horizontal bending moment is shown in Figure 13 . The maximum peak occurs at 0 78 . rad/s. There are some differences of the response curves at the first peak at 0 52 . rad/s, while elsewhere in the frequency region the response is the same. That is similar for the RAO of the horizontal shear force, Figure 14 . In ship hydroelastic analysis the most interesting RAO is that of torsional moment. In the considered case maximum value occurs at 0 575 . rad/s, and response curves determined by different restoring stiffness formulations follow each other very well, Figure 15 .
Some of the differences between peaks and resonance frequencies for each restoring stiffness formulation are given in Table 4 for the case of prismatic barge.
ILLUSTRATIVE EXAMPLE
Application of the developed finite element formulation of restoring stiffness coefficients is illus-trated in a case of real container ship whose main particulars are the following: General arrangement of a 9415 TEU container ship is shown in Figure 16 . 3D FEM model, consisting of 84893 elements and 16966 structural nodes, was generated in program NASTRAN with purpose of performing the ship still water strength and free vibration analysis. Container cargo was modeled using the concentrated mass elements rigidly connected with the surrounding structural nodes. In such a way sectional cargo mass is lumped in its center of gravity.
The ship hogging in calm sea with stress distribution is shown in Figure 17 . Natural frequencies of the first six dry natural modes are listed in Table 5 while first two coupled horizontal and torsional and first vertical mode are shown in Figures 18 and  19 respectively.
Three numerical calculations of restoring stiffness are performed, as described in Section 5. Validation of the calculations can be checked in the case of heave, roll and pitch since the restoring stiffness for these three motions can be determined analytically using the well known seakeeping restor- ing stiffness expressions, (SNAME 1988) . The calculated coefficients and the resulting stiffness are listed in (Senjanović et al. 2013) , and in the case of ship structure they are for one order of magnitude greater than the pressure coefficient. Also, due to high complexity of the geometric stiffness coefficient calculation and its dependence on the ship strength analysis it is not possible to achieve close values of those two coefficients, i.e. real value obtained in the case of roll is k G 44 k 10 2 9902 10 . that is only 3% larger comparing to the value of boundary stress coefficient. Therefore, even a small difference between those two coefficients causes significant error in the value of the total restoring coefficients and consequently making the complete formulation, although physically correct, numerically unstable. To enable adequate comparison of the achieved results the final value of the geometric stiffness coefficient in the case of complete formulation was calibrated with respect to roll in order to cancel the contribution of the boundary stress coefficient.
Except that, special care has to be taken in the case of gravity coefficient, C m 44 C . It can easily be shown that in the case of rigid body modes and when the centre of gravity is taken as the reference point, Eq. (1c) yields zero value. This condition is easily achieved in the case of simpler structures like prismatic barge, (Senjanović et al. 2013) , and it is also approximately satisfied in the case of complex structure with continuous or lumped mass. Some problems arise with combined continuous and lumped mass approach making the gravity coefficient very sensitive to mass modeling.
Due to that fact the value of gravity coefficient was also calibrated by correcting the vertical position of the center of gravity of the chosen concentrated cargo. In such way, the original value of . , Table 6 . Restoring stiffness in the case of pitch is not as sensitive as in the case of roll, and all the achieved values are close to the analytical ones.
Hydroelastic response of the considered container ship was determined for the case of heading angle 150 (following waves 0 ) and for the same range of frequencies as in the case of regular barge. Moments are related to the midship section, while shear forces are determined at the aft section 0.25 L, where it is expected to have maximum values. RAO of the vertical bending moment, Figure 20 , achieves significant peak value at 0 72 . rad/s. The response curves for all three restoring stiffness formulations are the same. RAO of vertical shear force, Figure 21 , manifests the first peak at 0 78 . rad/s. The response curves are very close to each other. RAO of horizontal bending moment is shown in Figure 22 . The significant peak occurs at 0 91 . rad/s with good agreement between all formulations. That is similar for the RAO of the horizontal shear force, Figure 23 . In the case of torsional moment RAO, Figure 24 , the first signifi- Table 6 . Restoring stiffness coefficients of 9415 TEU container ship, cant peak occurs at 1 25 . rad/s, and response curves determined by different restoring stiffness formulations follow each other very well.
C.

Motion
In Figures 25 to 29 transfer functions of sectional forces determined by the ordinary procedure for rigid body motion and hydroelastic analysis with consistent restoring stiffness and distributed mass are shown. Rigid body values at resonant motions are somewhat lower than those of the elastic body. Resonances of elastic response are captured in the area of higher encounter frequencies where the ordinary procedure based on a ship as rigid body is not applicable.
CONCLUSIONS
Theoretical improvement and formulation of the restoring stiffness via finite element method, that is very useful for practical utilization because it enables the usage of 3D FEM model as integration domain within the hydrostatic model, are presented. The validity of the numerical procedure was demonstrated in the case of prismatic barge with very good agreement between numerical and available analytical values.
Restoring stiffness of ship structure was determined by program RESTAN using the modal displacements and stress distribution determined via commercial program NASTRAN. Total geometric stiffness was also determined by program RESTAN which comprises three parts related to both translatory and membrane displacements. The effect on the hydroelastic response was examined for three restoring stiffness formulations: consistent with distributed mass, consistent with lumped masses and complete one. A good agreement was found between all results of three formulations. Also, good agreement of the results was achieved in the case of rigid body modes where numerical and analytical values exist. The only exception is numerical instability of complete formulation in the case of roll.
Finally, it can be concluded that the restoring stiffness analysis using complete formulation is, although physically correct, very complex and extensive and does not result with expected accuracy improvement. Due to that fact this formulation is not suitable for the practical usage in shipping industry. On the other hand, consistent formulation with lumped mass is much simpler and gives very good results. Therefore it can be recommended for the further utilization. 
